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Abstract

The idea of difference sequence space was introduced by Kizmaz [1], and this concept was
generalized by Et-Colak [2]. In this paper we define some generalized difference sequence spaces by
using an Orlicz function and examine some properties of these spaces.
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Orlicz Fonksiyonu Yardimiyla Tanimlanan Genellestirilmis Fark Dizi
Uzaylan

Ozet

Fark dizi uzaylar1 Kizmaz [1] tarafindan tanimlandi, bu fikir Et-Colak [2] tarafindan
genellestirildi. Bu makalede bir Orlicz fonksiyonu kullanarak genellestirilmis fark dizi uzaylarim
tanimladik ve bu dizi uzaylarinin baz1 6zelliklerini inceledik.
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Anahtar Kelimeler : Fark diziler, Orlicz fonksiyonu.

1. Introduction

Let w denotes the space of all complex sequences and |, ¢, and c, be the linear spaces
of bounded, convergent, and null sequences x = (X,) with complex terms, respectively, normed
by |[x[|_=supk X , where ke N={1,2, ... }, the set of positive integers.

The difference sequence space X (A) was introduced by Kizmaz [1] as follows :
X(A) = {x=(x) € w: (Ax) €X},
for X=/¢_ ,cand cy; where AXy= X - X1, for all ke N.

The notion of difference sequence spaces was further generalized by Et and Colak [2]
as follows:

X (A") = {x=(x) eW : (A) € X } ,

for X=/¢_ ,cand Co; where A"X = A""X- A" Xy and A’ =X for all ke N. Taking
X =¢,(p), c(p) and c,(p), these sequence spaces has been generalized by Et and Basarir [3].
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The generalized difference has the following binomial representation :
n
A=Y (- 1)U(Z)><k+u , forall ke N.

v=0

The following inequality will be used throughout the paper. Let p = ( px) be a positive sequence
of real numbers with 0 < p, <supp,=G, C=max(1,2°").
k

Then for ay , by e C for all ke N, we have

| a, +b, |ka C { a, |pk +| b, |pk},forallke N, [4; p:346] (1)

o0

Throughout the paper, we shall write % for IZ‘I , lim, for lim,,,, and by X we shall denote

one of the sequence spaces /_, C and Cy

An Orlicz function is a function M: [0,00)— [0,00) , which is continuous, non
decreasing and convex with M(0)=0, M(x) >0 for x>0 and M(x) > o« as X — .

An Orlicz function M is said to satisfy A,-condition for all values of u, if there exists a
constant K > 0, such that M(2u) £ KM(u) (u = 0). The A,-condition is equivalent to M(Lu)
< KLM(u) for all values of u and for L >1.

Lindenstrauss and Tzafriri [5] used the notion of Orlicz function to construct the
sequence space

Iu :{(xk)eW:iM(m]sl}

P

become a Banach space , which is called an Orlicz sequence space. The space /,, is closely

related to the space ¢, which is an Orlicz sequence space with M (x ) = x” for

1<p<o.

A sequence space E is said to be solid ( or normal ) if (aX« ) € E , whenever (Xx) € E and for
all sequence (o ) of scalars such that| ¢ | <1 for all ke N.

A sequence space E is said to be monotone if E contains preimages of all its step spaces

A sequence space E is said to be sequence algebra if x.y eE whenever X,y €E
[6; p:46,47,48].

It is well known that if M is a convex function and M(0) = 0, then M(AX) < AM(x) for
all A with 0<A<1.
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Lemma 1 A sequence space E is solid implies E is monotone.

Mursaleen et al [7] defined the sequence spaces co(A, M, p) , ¢(A, M, p) and | (A, M,
p) and investigated some properties of these sequence spaces

Let p = (px) be any sequence of positive real numbers and n be a positive integer. We
define the following sequence sets:

n 1Pk
c (A” M )— =(x¢): fim 1274 Xk‘ =0, for some p >0
0 ”p_x_xk'k—mo - =0, p>0¢,
n —pk
\ lim AXk—l‘
C(A,M,p)= x=(x¢) M =0, forsome p>0,leC},
k— o0 Yo,
‘A”xk‘ :
IW(A”,M,p)= X = (X ):sup s | M < oo, for some p >0
Yol

In the case px= constant for all k, we denote the above sequence spaces as ¢,(AL, M ),
c(AM, M) and | (AM, M) , respectively. If we take n =1, then we get the sequence spaces
co(A, M, p) c(A, M, p) and | (A, M, p) from the above sequence spaces.

2. Main Results

Theorem 2.1. Let ( px) be bounded, n be a positive integer and M be an Orlicz
function. Then X (A™1, M, p) < X (AR, M, p ) and the inclusion is strict.

Proof. Since M is non decreasing and convex, the result follows by (1). To show that
the inclusion is strict , let M(x) =x, and px =1 for all keN, then the sequence x = (k") belongs

to | (AM, M, p ), but does not belong to Iw(An'l, M,p).

It is easy to show that these sequence spaces are paranormed spaces with

n Px %"
A xk‘

Pm
G(x)=inf { p 4’: ksipo M > <1 (2)

where H= max (I,5Upyq Py )-

141



A. Gokhan, M. Et ve A. Esi

Theorem 2.2. | (A", M, p) is a complete paranormed spaces with G defined in (2).

Proof: Using the same technique of Theorem 2.1. given by Murseleen et al [7], it is
easy to prove the theorem.

Theorem 2.3. Let 0<p, <k < o for each k. Then ¢c,( AL, M ,p) < c( A, M, q).

Proof. Proofis trivial.

Theorem 2.4.(i)) Let 0 <inf py < px < 1. Then c,(AD, M, p) cco(AD, M).
(ii) Let 1< px < sup px < . Then ¢,(AL, M) cco (AL, M, p).

Proof. (i) Let xec, (A, M, p), thatis

Pk

i A"
M _k‘ 0. Since 0<infp, <py <1
k > o P
n 1 n Pk
lim A Xk‘ lim 4 Xk‘
Ml —||< -0,
k — o0 ) k > P

and hence xec, (A1, M ).

(i) Let p, >1 for each k and sup, p, <. Let xec,(A, M), then for each ¢ (0 <e< 1)
there exists a positive integer N such that

Since 1 < px < sup px < o, we have

n P
A Xk‘ lim
JLE— <

k— o0 ) k> el

lim

A”xk‘
<e<l.

Therefore xec, (A", M, p ). This completes the proof of the theorem.

Theorem 2.5 Let M be Orlicz function that satisfy A,-condition. Then

¢ (AL, M, p)cc (A, M,p)c| (A", M, p) and the inclusions are strict.
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Proof. Let xe c(A, M, p). We have

P Py

A”xk‘ A”xkfl‘ 1] P
— <C|M|—— + C|M|—
p p p

Pk .
A Xk_l‘ + C[Kﬁ_][ﬂ]M(2)
P

P

T

<C|M

Thus we get xe | (A", M, p) The inclusion c¢(A", M, p ) < ¢(A", M, p) is obvious. To show
that the inclusion is strict , consider the following example.

Example 1 : Let M(x) =x and px =1 for all keN . Then the sequence x = ((-D*)
belongs to | (A", M, p), but does not belong to c(A", M, p).

The proof of the following result is a routine work .

Theorem 2.6 Letn > 1, thenc (A1, M, p)cco, (AL, M, p).
Theorem 2.7 The spaces ¢, (M,p ) and | (M, p) are solid and as such are

monotone.

lim MM

Proof. Let xec,( M, p ). Then there exists p > 0 such that =0.

K — o Yo,

Let (ou ) be a sequence of scalars such that| oy | < 1. Then we have ,

e ]

From the inequality it follows that c,( M, p ) is also solid. The monotonicity of the
spaces ¢,(M,p)and | (M, p) follows from Lemma 1.

The spaces ¢, (A", M,p ), c (A, M,p) and 1 (AD, M, p) are not solid in general.
For showing that the above spaces are not solid , consider the following example .

Example 2. Let M (x) =x and py=1, for all ke N. Consider the sequence

x = (k") , for all ke N, then x € I (A", M,p) Let (ou ) = ((-1)"), then
(ouxi)e 1 (A", M, p).
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Corollary. c,(AD, M, p) and ¢ (A, M, p) are nowhere dense subsets of Im(An, M,p).

Theorem 2.8 The spaces c,(A, M, p), c(A", M, p) and 1 (AR, M, p ) are not sequence

algebra, forn > 2.
Proof. Let M (x) =x and py=1, for all ke N. Consider the sequences
x= (k™) and y = (k), forallke N, thenx,y €1 (A", M,p) butx.y ¢l (A", M,p),

3. Particular Cases

If we consider the sequence spaces X (AP, M) instead of the paranormed sequence
spaces X(AD, M, p ), then the spaces X( A, M ) will be a Banach spaces normed by

A”xk‘

||x <1},

= infyp>0:supyso M

AN

The spaces X(M ) will be a solid and monotone space. Further most of the results
proved in the previous section will be true for this space too.
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