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Abstract: We investigate half-lightlike submanifolds with planar normal sections of 4-dimensional pseudo-Euclidean
space. We obtain necessary and sufficient conditions for a half-lightlike submanifold of R3 such that it has degenerate

or nondegenerate planar normal sections.
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1. Introduction

Surfaces with planar normal sections in Euclidean spaces were first studied by Chen [1]. In [6], Y.H. Kim studied
Surfaces with planar normal sections in semi-Riemann setting. As far as we know, however, this topic has not
been studied in lightlike geometry. Therefore, as a first step, in this paper we study half-lightlike submanifolds
with planar normal sections in Rj.

Let M be a hypersurface in R3. For a point p in M and a lightlike vector & tangent to M at p that spans
radical distribution, the vector £ and transversal space ¢tr(T'M) to M at p determine a 2-dimensional subspace
E(p,€) in R5 through p. The intersection of M and FE(p,¢) gives a lightlike curve v in a neighborhood of
p, which is called the normal section of M at the point p in the direction of £. Let v be a spacelike vector
tangent to M at p (v € S(TM)). The vector v and transversal space tr(T'M) to M at p then determine
a 2-dimensional subspace E(p,v) in Rj through p. In this case, the intersection of M and E(p,v) gives a
spacelike curve 7 in a neighborhood of p which is called the normal section of M at p in the direction of v.
According to both situations given above, M is said to have degenerate pointwise and nondegenerate pointwise

planar normal sections, respectively, if each normal section v at p satisfies v/ A" A~"" =0 [1,7,5,4].

2. Preliminaries
The codimension 2 lightlike submanifold (M, g) is called a half-lightlike submanifold if rank(radTM) = 1.
In this case, there exist 2 complementary nondegenerate distributions S(TM) and S(TM*1) of RadT'M in

TM and TM* respectively, called the screen and coscreen distribution on M. Then we have the following 2

orthogonal decompositions:
TM = RadTM @y, S(TM), TM* = RadTM @ypep, S(TM™),

where the symbol &,,:;, denotes the orthogonal direct sum.

*Correspondence: bayram.sahin@inonu.edu.tr
2010 AMS Mathematics Subject Classification: 53C42, 53C50.
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We know from [2] that, for any smooth null section £ of RadT M on a coordinate neighborhood U C M,
there exists a uniquely defined null vector field N € T'(ltrT M) satistying

gN,§) =1, g(N,N)=g(N,X)=0,VX € [(5(TM)).

We call N, ltr(TM), and tr(TM) = S(TM=*) @y, ltr(TM) the lightlike transversal vector field, lightlike
transversal bundle, and transversal vector bundle of M with respect to the screen S(T'M), respectively. Since
RadTM is a 1-dimensional vector subbundle of TM~+ we may consider a supplementary distribution D to
RadT' M such that it is locally represented by u.
We call D a screen transversal bundle of M. Thus, we say that the vector bundle tr(TM) is defined
over M by
tr(TM) = D @opep Itr(TM).

Therefore:

TM = S(TM) L (RadTM & tr (TM))
= S(TM) L D L (RadTM & Itr(TM)). (2.1)

Denote by P the projection of TM on S(TM) with respect to the decomposition (2.1). Then we write
X=PX+n(X)§ VXel(TM),

where 7 is a local differential 1-form on M defined by 1 (X) = g (X, N). Suppose V is the metric connection
on M. Since {¢, N} is locally a pair of lightlike sections on U C M, we define symmetric F (M)-bilinear forms
Dy and D5 and 1-forms pi, p2,e1, and €2 on U. Using (2.1), we put

VxY = VxY+ D (X,)Y)N+Dy(X,Y)u (2.2)
VxN = —AnNX+p1(X)N+p2(X)u (2.3)
Vxu = —AX+e1 (X)N +e(X)u (2.4)

for any X, Y € T'(TM), where VxY, AyX, and A, X belong to T' (TM). We call D; and D, the lightlike

second fundamental form and screen second fundamental form of M with respect to ¢tr(T'M), respectively. Both

Ay and A, are linear operators on I' (T'M). The first one is I' (S (T'M))-valued, called the shape operator of

M . Since u is a unit vector field, (2.4) implies €2 (X) = 0. In a similar way, since £ and N are lightlike vector
fields, from (2.2)—(2.4) we obtain

Dy (X,8) = 0, g(ANX,N) = 0,9 (AuX,Y) = €Dy (X, Y) + 1 (X)n (Y), (2.5)

e1(X) = —eD2(X,§), VX el'(TM). (2.6)

Next, consider the decomposition (2.1), and then we have

VxPY = ViPY +E (X,PY)¢, (2.7)
Vxé —ALX +uy (X) €, (2.8)

where Vi PY and Af belong to I' (S(T'M)) . Af is a linear operator on I' (T'M) and V* is a metric connection
on S(T'M). We call E; the local second fundamental form of S(T'M) with respect to Rad(TM) and Af the
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shape operator of the screen distribution. The geometric object from Gauss and Weingarten equations (2.2)—
(2.4) on one side and (2.7 ) and (2.8) on the other side are related by

E/(X,PY) = g(AxX,PY),Di(X,PY)=g(A{X,PY), (2.9)

u (X) = —p1(X), A =0,

for any X,Y € I'(TM). A half-lightlike submanifold (M,g) of a semi-Riemannian manifold (M, g) is said
to be totally umbilical in M if there is a normal vector field Z € T'(tr (T'M)) on M, called an affine normal

curvature vector field of M, such that

MX,Y)=D; (X, Y)N+ Dy (X, Y)u= Zg(X,Y), VX, Y el (TM).
In particular, (M,g) is said to be totally geodesic if its second fundamental form h(X,Y) = 0 for any
X,Y € T'(TM). By direct calculation it is easy to see that M is totally geodesic if and only if both the
lightlike and the screen second fundamental tensors D, and Ds respectively vanish on M. Moreover, from
(2.3), (2.5), (2.6), and (2.9) we obtain

A;;.':Au:€1:p2:0.

The notion of screen locally conformal half-lightlike submanifolds was introduced by Duggal and Sahin [3] as

follows.
A half-lightlike submanifold M , of a semi-Riemannian manifold, is called screen locally conformal if on

any coordinate neighborhood U there exists a nonzero smooth function ¢ such that for any null vector field
el (TMJ-) the relation

ANX = A X, VX €T (TMy) (2.10)

holds between the shape operators Ay and Af of M and S(T'M), respectively [3].

On the other hand, the notion of minimal half-lightlike submanifolds has been defined by Bejancu and
Duggal as follows.

Definition 2.1 Let M be a half-lightlike submanifold of a semi-Riemannian manifold M. We then say that
M is a minimal half-lightlike submanifold if (tr |gerary h=0) and e (X) = 0/7].

Definition 2.2 A half-lightlike submanifold M s said to be irrotational if Vx& € I'(TM) for any X €
I'(TM), where £ € T (RadT M) [3].

For a half-lightlike M, since D; (X, &) = 0, the above definition is equivalent to Dy (X,€) =0 =& (X),
VX el (TM).

3. Planar normal sections of half-lightlike hypersurfaces in R}

In this section we consider half-lightlike submanifolds having planar normal section. First, we consider degen-

erate planar normal sections.
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3.1. Degenerate planar normal sections in half-lightlike submanifolds

Let M be a half-lightlike submanifold in R3. Now we investigate the conditions for a half-lightlike submanifold

of R} to have degenerate planar normal sections.

Theorem 3.1 Let M be a half-lightlike submanifold in R3. Then M has degenerate planar normal sections
if and only if

Dy (£,€)uAVeDy (€,€)u=0, (3.1.1)
where Dy is the screen second fundamental form of M.

Proof If v is a null curve, for a point p in M, we have

V) = & (3.12)
Y (s) = Ve&+ Do (8w, (3.1.3)
Y (s) = VeVel+ D2 (Ve &) u (3.1.4)

FE(D2(&§,6))u+ D2 (&,8) (—Au + 21 (§) N).
From the definition of planar normal section and using Rad(TM) = Sp{{}, we get
VeénE=0and VeVeEAE=0. (3.1.5)
Assume that M has planar degenerate normal sections. Then
Y (s) A" (s) Ay (s) = 0. (3.1.6)

Thus, by using (3.1.2)—(3.1.5) in (3.1.6) one can see that Dy (£,&)u and Dy (Ve &) u + € (D2 (€,8))u —
Dy (£,8) Au + Do (£,€)e1 (§) N are linearly dependent. Taking the derivative of Ds (€, &) u, we obtain

VeDs (€,€)u=E(Dy (€,€)) u— Dy (§,€) Aué + D2 (§,€) 1 (€) N,
where 7 is assumed to be parameterized by a distinguished parameter. Hence, we get
D (&,€)uNVeDa (€6 u=0.

Conversely, assume that D (£,€)u A VeDg (€,6)u =0 for the degenerate tangent vector £ of M at p. In this
case, either D (§,§)u =0 or V¢Dy (6,&)u=0. If Dy (£,&)u =0, then M is totally geodesic in M and M

is totally umbilical. Thus, we obtain

Y (s) = &, (3.1.7)
V' (s) = w9, (3.1.8)
Y (s) = &(ur ()¢ +ui ()& (3.1.9)

which give that M has degenerate planar normal sections. On the other hand, if ?5D2 (&,)u =0, then M

is screen conformal. Hence, we have
V" (s) AV () A () = EA (V€ + D2 (€,6) u) A (VeVel + D2 (€, Ve&) u+ VeDa (§,€) u) = 0.
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Hence, we complete the proof. O

Now we define a function
Ly : RadT,M — R,
§ = L&) =D3(9)e

where p € M and v (0) =p. If L, (&) = D3 (& &) e =0, then we obtain D5 (£,€) =0 and &7 (£) = 0. From
(3.1.7), (3.1.8), and (3.1.9) we find v (s) Ay” (s) Ay’ (s) = 0. Hence, M has degenerate planar normal sections.

2
We say that the curve v has a vertex at the point p if the curvature s of 7 satisfies d”Ts(p) =0 and

k%= (v"(s),7" (s)). Now let M have degenerate planar normal sections. Then L, =0, and so D5 (¢,£) = 0.

Hence, we get

which gives Vh = 0. Moreover, we have
er’ (s) = (7" (s),7" (5)) =0

for any p € M.

Consequently, we have the following result.

Corollary 3.2 Let M be a half-lightlike submanifold in R with degenerate planar normal sections such that
L, : RadT,M — R,
¢ = L) =D3(0)e

where p € M. Then the following statements are equivalent:

1. Dy (&,€) =0,

2. (Veh) (€,€) =0,

3. Vh =0,

4. For any pe M, k=0.

Now, let us assume that a half-lightlike submanifold M of Rj has degenerate planar normal sections.
Then for null vector £ € RadT' M, we have
Vel #0, (3.1.10)

where & =+ (s), namely, the normal section ~ is not a geodesic arc on a sufficiently small neighborhood of p.
Then from (3.1.2)—(3.1.4) we write

7" (5) = a(s)y" (s) +(s)7' (),

where, a and b are differentiable functions for all p € M. Hence, we get Dy (§,€) = €1 (€) = 0.

Consequently, we have the following:
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Corollary 3.3 Let a half-lightlike submanifold M in Rj have degenerate planar normal sections. If the normal
section vy for any p is not a geodesic arc on a sufficiently small neighborhood of p, then Dy =0 at Radl M.

Next, assume that « is parameterized by a distinguished parameter, namely, v is a geodesic arc on a
small neighborhood of p =7 (0), i.e. V¢ =0. Since uq (§) = p1 (§) =0, we obtain

7(0) = &
7' (0) = Da(&u, (3.1.11)
Y (0) = VeDy (&8 u=E(D2(&6)u—Dsy (€€ Aul —€D3 (€, N. (3.1.12)

Now, let us suppose that M has degenerate planar normal sections at v (0) = p.
7" (s) Av' (s) =0, we have € Ah(€,€) AVeh(€,€) =0. From (3.1.11) and (3.1.12), &, h(&,€), and Veh (€ €)
are not linearly dependent. In this case, either h(£,€) = 0 or Veh(€,€) = 0. If Veh(€,€) = 0, then we

calculate

Therefore, from ~" (s) A

(h(€,€),h(w) = —(Veh(£E),w)
=0 (3.1.13)

and

(h(€,8) D (& w)) (h(€,€), Vi) = (R (£,8), Vus)

= €Dz (§,€) D2 (w,§). (3.1.14)
From the symmetry of bilinear forms Dy and Dy at ' (T'M), hence from (3.1.13) and (3.1.14), we get Dy = 0 at
I'(TM) . Furthermore, from V& € I'(TM), (£ € RadTM, and w € T (T'M)), we see that M is irrotational.

Then we have the following result.

Corollary 3.4 Let M be a half-lightlike submanifold of Rs with degenerate planar normal sections. If the

normal section v for any p is a geodesic arc on a sufficiently small neighborhood of p, then M is irrotational.

Let M be a half-lightlike submanifold in Rj with degenerate planar normal sections. Since v is a planar

curve, we write

Py/// (s) =a(s) fy” (s) + b(S) ’7/ (8) )

where a and b are differentiable functions for all p € M. Then (3.1.8) gives

a(s) = wui(§)+&(n(D2(£,6))),
b(s) = &ur(§)—D2(§8) p2(8)e—ur(§)€(In(D2(&,8))).
Moreover, we have ex? (s) = (v (s),v" (s)) = 0 for any p € M, which gives Dy (£,€) = &1 (€) = 0. Thus, we
obtain
7" (s) = ui (€)€+ui(€) Da(€ Eu
+& (u1 (§)) € — €D2(&,§)p2 (§) €
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and

Aug = €p2 (§) €. (3.1.16)

Namely:

Corollary 3.5 Let M be a half-lightlike submanifold of R3 with degenerate planar normal sections, then A&
is RadT M -valued.

Now, from (3.1.15) and (3.1.16), we obtain

(Veh) (€,6) = €(In(D2(£,€))) D2 (€,6)u
—€D2(&,§)p2 (§) € — 2ux (§) D2(&, &)u. (3.1.17)

Let M be a half-lightlike submanifold of Rj with degenerate planar normal sections. If the normal

section v for any p is not a geodesic arc on a sufficiently small neighborhood of p, then we obtain

Da(&,&)un (Veh) (€,€) = 0. (3.1.18)

Conversely, we assume that (3.1.18) is satisfied for any degenerate tangent vector ¢ of M. Then either
Dy(&,8)u =0 or (vgh) (£,6) = 0. If Do(&,&)u = 0, then from Theorem 3.1, we see that M has degenerate
planar normal sections. On the other hand, if (V¢h) (€,€) = 0, then, by considering (3.1.5), we obtain

7" (8) A" (5) A (s) = €A Da(€,€)un (Veh) (€,€) = 0.

Consequently, we have the following;:

Corollary 3.6 Let M be half-lightlike submanifold of R such that the normal section v (s) for any p is not
a geodesic arc on a sufficiently small neighborhood of p. Then half-lightlike submanifold M has planar normal
sections if and only if (3.1.18) is satisfied.

Now, let the normal section v be a geodesic arc on a sufficiently small neighborhood of p, namely,

Vel =0=uy (§). Since M has degenerate planar normal sections, we obtain

Y () A" () A (5) = (€A Da(§,8)u A D2 (§,€) Auf) + (E A D2(&,§u A D2 (€)1 (§) N).

From Corollary 3.5, we have Ds (£,€) =0 and &1 (§) = 0. Thus, we have the following result:

Corollary 3.7 Let M be a half-lightlike submanifold with degenerate planar normal section of R3. The normal
section vy for any p is a geodesic arc on a sufficiently small neighborhood of p. Then Dy(£,€) =0 or g1 () =0.

Let M be a screen conformal half-lightlike submanifold of R3(c) with degenerate planar normal sections.

We denote the Riemann curvature tensors of M and M by R and R, and hence we have

§(R(X,Y)Z,PW) = ¢[Di(X,Z)D:i(Y,PW)— Di(Y,Z)D:i(X, PW)]
+e[D2(X, Z)Do(Y, PW) — Do(Y, Z)Do(X, PW)] . (3.1.19)
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Let p € M and & be a null vector of T, M . A plane H of T),M is called a null plane directed by & if it contains
&, g(&, W) =0 for any W € H and there exists Wy € H such that g(Wy, Wp) # 0. Then the null sectional
curvature of H with respect to & and V is defined by

K¢ (H) = R”gi‘%i’é’/?/) (3.1.20)
Since v € T (S (TM)) and € € T (RadT M), we have
Ke(H) = ¢[Di(v,§)D1(&,v) — D1(&,§) D1 (v, v)]
+e[Da(v, §)D2(§,v) — Da(&, §) D2 (v,v)] .
By using D1 (v,£) = 0 in the last equation, we obtain
Ke (H) = €[D2(v,€)D2(§,v) — D2(&,§) D2 (v, v)] .- (3.1.21)

Consequently, we have the following:

Corollary 3.8 Let M be a screen conformal half-lightlike submanifold of R3(c) with degenerate planar normal
sections. If M is minimal, then K¢ (H) = 0.

Example 3.9 Consider a surface M in R3 given by the equation

= (2 4 a?) x4:§10g(1+(w1—z2)2)-

V2

It is easy to see that M is a totally umbilical half-lightlike submanifold of R3. Then by straightforward calcula-

tions we obtain

D2 (57 5) =0.
Therefore, the intersection of M and E(p,&) gives a lightlike curve « in a neighborhood of p, which is called

the normal section of M at point p in the direction of &, namely
V() = &
V'(s) = Veg=0.

Hence, we obtain
7" (5) Ay (s) Ay (s) = 0.

3.2. Nondegenerate planar normal sections in half-lightlike submanifolds

In this subsection we investigate the conditions for a screen conformal half-lightlike submanifold M of Rj to

have nondegenerate planar normal sections.

Theorem 3.10 Let M be a screen conformal half-lightlike submanifold in R3. M has spacelike planar normal
sections if and only if
T (v,v) AV, T (v,v) =0, (3.2.1)

where v € T'(S(TM)) and T (v,v) = Ey (v,v)§ + Dy (v,v) N + Dz (v,v) u.
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Proof Let M be a screen conformal half-lightlike submanifold and « a spacelike curve on M. Then we have

Y (s) = v, (3.2.2)
7' (s) = Vev=Viv+ E(v,0)¢+ Dy (v,v) N+ Do (v,v)u, (3.2.3)
Y"(s) = ViViv+ Ei(v,Viv)€+ Dy (v,Viv) N + Dy (v, Viv)u

+v (Ey (v,0) €+ v (Dy (v,0)) N 4+ v (D (v,v))u

—Ey (v,v) Agv + Ey (v,v) uy (v) €+ Ey (v,0) Do (v,§) u
—D; (v,v
—Ds (v,v

Anv + D1 (v,v) p1 (vV) N 4+ Dy (v,0) pa (v) u

)
) Ayv + Da (v,v) g1 (v) N, (3.2.4)

where V* is the induced connection of M’ and 7' (s) = v, 4/ (0) = v. From the definition of a planar normal
section and S(TM) = Sp{v} we have

vAViv=0and v AV:Viv=0. (3.2.5)

Assume that M has planar nondegenerate normal sections. Then we have

7" (s) A" (s) Ay (s) = 0.
Thus, from (3.2.5),
T(’U,’U) = El (U,U)f—‘rDl (UaU)N+D2 (U,U)U

and

VT (v,v) = FEi(v,Viv)&+ Dy (v,Viv) N+ Ds (v, Viv)u
+v (Ey (v,v)) €+ v (D1 (v,v)) N +v (D2 (v,v))u
—E1 (v,v) Agv + Ey (v,v) uy (v) €+ Ey (v,0) Do (v,§) u
Dy (v,v

=Dy (v,v) Ayv + D1 (v,0) p1 () N + D1 (v,v) p2 (v) u
—Ds (v,v) Ayv + Dy (v,v) g1 (v) N
are linearly dependent, where 7 is assumed to be parameterized by arc length. Thus, we obtain

T (v,v) AV, T (v,v) =0.

Conversely, we assume that T (v,v) A V, T (v,v) = 0 for a spacelike tangent vector v of M at p. Then either
T (v,v) =0 or V,T (v,v) = 0. If T (v,v) = 0, then from (3.2.2), (3.2.3), (3.2.4), and (3.2.5), M has degenerate

planar normal sections. If V, T (v,v) = 0, from (3.2.5), we obtain

Y (S)YAY () Ay (8) =v AT (v,v) AV,T (v,v) = 0.

772



ERDOGAN et al./Turk J Math

Example 3.11 Let M be a half-lightlike submanifold of the 4-dimensional semi-Riemann space (Rg,g) of
index 2, as given in Example 3.9. Now, for a point p in M and a spacelike vector Us tangent to M at p
(Us € S(TM)), the vector Us and transversal space tr(TM) to M at p determine a 2-dimensional subspace
E(p,Us) in R3 through p. The intersection of M and E(p,Us) gives a spacelike curve v in a neighborhood
of p. Now we research half-lightlike submanifolds of the R5 semi-Riemannian manifold to have the condition

of nondegenerate planar normal sections. Hence, we obtain
2 2 1 2
U, = \[2(1—!—(3: —x)>61+<1+(x —x))ag—I—\/i(x —a:)84,
Uy, = \[2(1—!—(3: —x)2>61+<1+(x —x)2)83—\f(x —a:)84,

& = 81+62+\/§83,
U = 2(1‘ —x)82—|—\[(x —33)83+(1+(x1—x2))84.

1

N = 3+5+
1 2ﬁ

and
v = U2:\@<1+(z1—z2)2>3l+<1+(x17x2)2>637\[(z —z)&;,
v = 2(1+(z 75172)2> {2(:5 —x)82+\[(x —x)33+84},

1(1+3((@ - a2)")) 0,
+2f<1+3<(x —x2)2))83—4(x1—x2)84

4v/2 (a2 —x1)3 12 2 (2% —2') &
+(1+(x1—332)4) (1-1-(33 ))[ —21) 05 + (1+x —122) 0,

N = f(1+(a: —x2)2)

V2 (a?

Then, by direct calculations we find

Ey (Uz,Us) = 0, (3.2.6)
Ey (U, Vi, Ua) = 0. (3.2.7)

Thus, from (3.2.6) and (3.2.7), T (U2, Us) and Vy,T (Us,Us) are linearly dependent. Hence we have v (s) A
7" (s) A (s) = 0.

Proposition 3.12 Let M be a half-lightlike submanifold in R3. If M has planar normal sections, then
Viv =0, (3.2.8)

where « is a normal section in the direction v =='(s) for v € T (S(TM)).

Proof From v e S(T'M) we have
(v,v) =1= (v, Viv) =0. (3.2.9)
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Using the definition of a normal section and (3.2.9), we complete the proof. O

Now we define a function L by
L(p,v) = L, (v) = (T'(v,v),T(v,v))

on |J, M, where |J, M = {v el (TM) | <v,v>% = 1}. If L #0, then M has nondegenerate pointwise normal

2
sections. By a vertex of curve 7 we mean a point p on - such that its curvature  satisfies dK’TS(O) =0. Let M

have planar normal sections. From Proposition 3.12 we obtain
ek’ (s) = 2Ei(v,v)Di(v,v)+ D2 (v,v)e,

1 dk? (0)
2 ds

v(E; (v,v) Dy (v,v)) + v(Dg (v,v)) Dy (v,v) €.
If M is totally geodesic, then D1 = Dy = 0. Thus v has a vertex. Consequently, we have the following:

Corollary 3.13 Let M be a half-lightlike submanifold of Rs. If M has nondegenerate planar normal sections
the submanifold is totally geodesic screen conformal at p € M, if and only if normal section curve v has a

verter at p € M .

Corollary 3.14 Let M be a half-lightlike submanifold of Rj. with planar normal sections. Then normal

section curve 7y has a vertex and the submanifold is totally geodesic if and only if M is minimal.
Proof If M is totally geodesic, then from (Zr |g(ra) h = 0) and € (§) = 0, we conclude.

From Corollary 8 and Corollary 9, we give: O

Corollary 3.15 Let M be a half-lightlike submanifold in R3 (c) with planar normal sections. Then K¢ (H) =0
if and only if normal section curve v has a vertex at p € M where £ € I' (RadT M) .

Corollary 3.16 Let M be a half-lightlike submanifold of R3 and the normal section v at for any p be a
geodesic arc on a sufficiently small neighborhood of p. Then M has nondegenerate planar normal sections if
and only if

h (Ua U) A (Vvh) (U,U) =0,
where is h (v,v) = D1 (v,v) N 4+ D3 (v,v) u.

Proof If normal section v at for any p is a geodesic arc on a sufficiently small neighborhood of p, we have

V() = v
v (s) = Di(v,v)N+ Dy (v,v)u
¥ (s) = (D1 (v,v))N +v(Dsy(v,v))u

—D; (v,v) Ayv + Dy (v,v) p1 (V) N
+D; (v,v) pa (v) u — Dy (v,v) Ayv
+Dy (v,v)e1 (v) N.
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Therefore, by taking the covariant derivative of
h(v,v) = Dy (v,v) N + Dy (v,v) u,

we obtain

(Voh) (v,0) = Voh (v,0) =" (s) ,
which gives
" (8) A" (8) Ay (8) = v Ah(v,0) A (Vyh) (v,0) = 0.

From the last equation above, we have

h(v,v) A (Vyh) (v,v) = 0.

Conversely, we assume that h (v,v) A(V,h) (v,v) = 0. In this case, we have either h (v,v) = 0 or (V,h) (v,v) =
0. If h(v,v) =0, we have D (v,v) =0 and Ds (v,v) = 0. In this way, we get

which shows that M is minimal and has planar normal sections. On the other hand, if (V,h) (v,v) = 0, from
(Voh) (v,v) = V,h (v,0) =+ (s) = 0, we obtain

() A () A (5) = 0
that is, M has nondegenerate planar normal sections. O

We also have the following result:

Corollary 3.17 Let M be a half-lightlike submanifold in R3 and the normal section ~y for any p be a geodesic

arc on a sufficiently small neighborhood of p. Then the following statements are equivalent:
1. (Vyh) (v,v) =0,
2. Vh =0,
8. M has nondegenerate planar normal sections of p € M and v has a vertex point at p € M,

4. Dy =0 in S(TM).

Proof For curvature x at p point of v, we have

ew?(s) = D3 (v,v)e,

1 dr?(s)

= = D D 2.1

5615 v (D2 (v,v)) D2 (v,v) €, (3.2.10)
and from ex? (s) = (v (s),7" (s)),

2
%ed“ds(s) = {(Voh) (v,0),h(v,0))
= 0. (3.2.11)

Hence, from (3.2.10) and (3.2.11), we obtain Dj (v,v) = 0. From here, we complete the proof. O
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Example 3.18 Consider a surface M in R} given by the equation

=

T = X3,T2 = (1—964) :

Then we obtain:

™

Sp{& = 0x1 + Ox3,v = —x40x9 + 22014},
TM* = Sp{&=0x + 0x3,u = 120Ts + 4022} .

Therefore, we have RadTM = Sp{¢}, S(TM) = Sp{v}, S(TM*) = Sp{u}, and ltr(TM) = Sp{N = % (0z;
+0z3)}, which show that M is a half-lightlike submanifold of R}. Then using the Gauss and Weingarten

formulas and on account of V,& =0, we have

g (Agv,v) =0= Afv=0.
Moreover, from (2.3) and by straightforward calculations we obtain

Ayv =0

or Ayv € RadTM . Using (2.2), we have

Dy (v,v) =7 (sz,v) =0,
and since Dy (v,€) =0, we have Dy = 0. Using (2.2), we obtain

Dy (v,v)e =g (v, Ayv).

Since
3(V,Vou,N) =g (Auv,N) =0,

Ayv € S(TM) and by straightforward calculations we obtain

QI

(?va,u) = 2x914
€)

0
I

—€&1 (U) =0
= —g (ANrUaé.) = OapQ (U) = —€g (ANU7U) =0
0= D3 (v,&) =0,eDy (v,v) = —1.

g (vvvvv
p1 (v
€1

)
)

(u

Thus, M is a screen conformal totally umbilical half-lightlike submanifold. Let v € S(TM) and p € M. We

denote subspace
E(p,v) ={v} Utr (TM)

and we have
E(p,v)N"M =,

where v is the normal section of M at p in the direction of v. Then we have

Y (s) = v=—w4079 + 12074
7' (8) = Vv = 229015 — 224074
Y"(5) = V,Vv =224015 — 222014.
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Hence,
Y (s) A" (s) Aoy (s) = 0;

that is, M has nondegenerate planar normal sections.
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